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Abstract 

We construct radial stochastic Loewner evolution in multiply connected domains, choosing the unit disk with 
concentric circular slits as a family of standard domains. The natural driving function or input is a diffusion on 
the associated moduli space. The diffusion stops when it reaches the boundary of the moduli space. We show that 
for this driving function the family of random growing compacts has a phase transition for k = 4 and k. — 8, and 
that it satisfies locality for k. — 6. 



1. Introduction 

The stochastic Loewner evolution was introduced by Schramm in [8] . The Loewner equation shows how 
to encode a slit in the unit disk which starts at the boundary circumference in terms of a motion on the 
boundary. For a random slit such as an interface created by a statistical mechanics model at criticality, 
Schramm derived just from a few properties anticipated for the scaling limit of such a model — conformal 
invariance, a Markovian-type property, symmetry, continuity — that the random motion on the boundary 
encoding the random slit has to be a linear time-change of a standard Brownian motion. This new family 
of processes, SLE^,, [n > 0), is studied in [3], [4], [5], [6], and references therein. In particular, it was 
shown that a phase transition occurs at k = 4 where the slit ceases to be a simple curve and at k 8, 
where the slit becomes space-filling. For certain values of k, SLE^ has special properties — locality for 
K = 6, and the restriction property for n = 8/3. 

Since the statistical mechanics models whose scaling limit is (or is conjectured to be) described by 
SLEti are readily defined for non-simply connected domains the question arises if the stochastic Loewner 
evolution can be extended to the non-simply connected case. The Loewner equation for simply connected 
domains has an analogue for multiply connected domains which we call the Komatu-Loewner equation. 
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We derive a version of a result by Komatu for a different class of standard domains, [2]. Cutting a non- 
simply connected domain along a Jordan arc changes the conformal type of the domain. Because of this, 
the Kommatu-Loewner equation is not enough to reverse the process, i.e. to begin with a driving function 
on the boundary and solve the equation — the coefficients in the equation depend on the conformal type 
of the domain. However, using Schiffer variations we obtain an associated system of equations for the 
conformal invariants. These equations, together with the Komatu-Loewner equation, allow us to reverse 
the process. 

In the case of a random slit, the expected properties of the slit Schramm used for simply connected 
domains only allow us to conclude that the Komatu-Loewner equation should be driven by a diffusion on 
the space of conformal invariants, the moduli space. We define a class of diffusions on the moduli space 
for which the appropriate phase transitions occur at k = 4 and k = 8, and which satisfies locality at 
K = 6. 



2. Komatu-Loewner equation 

Denote by f a domain in the complex plane bounded by a finite number n > 2 of proper continua. 

Then D is conformally equivalent to the unit disk cut along n — 1 disjoint concentric circular slits. We 
call such a domain a standard domain. If £) is a standard domain we denote the boundary components 

by 

C^^'> :\z\=mj, 0j <&igz<0'j, l<j <n-l, C^") : |z| = 1. (1) 

Let _D be a domain in the w-plane obtained from a standard domain by cutting along a slit (Jordan arc) 
r which starts from a point on the exterior boundary component jwl = 1 and avoids 0. Denote w = f{z) 
the unique conformal map from a standard domain D onto D such that /(O) = 0, /'(O) > 0, and such 
that the peripheral boundary circumferences correspond to each other. Let T = — ln/'(0) > 0. If we 
delete from the boundary of D a sub-arc of T with interior endpoint common with it, then there is a 
unique conformal map 

w = h(wt,t), h{0, t) = 0, /i'(0, t) = e"* (2) 

which maps a standard domain onto the domain thus obtained. Here t <T and the peripheral boundary 
components are to correspond to each other. Define Dt by h{Dt,t) = D. Then Dt is a domain of the same 
type as D, i.e. obtained from a standard domain by cutting along a slit Fj. By the monotony property of 
the derivative h'(0,t) the points on T are in one-to-one correspondence with the values of the parameter 
t, ranging over the interval <t <T. Let the conformal map from D onto Dt be denoted by 

wt = f{z,t), f{0,t) = 0, f'{0,t)^e'-^. (3) 

Then f{z) = f{z,0) = h{f{z,t),t), and also f{z,T) = z. Further, let the boundary components of the 
circular slit disk Dt + Ft be denoted by 

C^t'^ : \wt\ = m,-, ej{t) < &TgWt < e'j{t), l<j<n-l, C^") : \wt\ = 1, (4) 

and the starting point on C^"'* of the slit Ft be ~{t) = e~*^(*) . Denote G{u, Wt; t) the Green function of the 
circular slit disk Di, + F/ in the tt-plane with pole at Wt, and denote a harmonic conjugate to G{u,Wt;t) 
with respect to wt = xt + iyt by 
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wt 

v( ^\ f f dG{u,wt;t) dG{u,Wt;t) , 

Hiu, w,; t) = J dy, dx, j , (5) 



and set F{u, Wt;t) = G{u, Wt, t) + iH{u, Wt; t). Denote ijjj{wt; t) the harmonic measure of Cj"''' at Wt with 
respect to Dt + Tt and let 

1 f dF{u. (r,;0 



Rjiwt;t) = — J ' ds, (6) 

where d/dv denotes differentiation at the boundary point u in the direction of the inner normal. We have 
^{Rj) = u)j and we may assume that ?s{Rj{Q; t)) = fov j = 1, . . . , n — 1. 

Theorem 2.1 (Radial Komatu-Loewner equation) The family {f{z,t),0 < t < T} satisfies the 

equation 

d\nf{z,t) dF{^{t),Wt;t) , ^ _^^ d\nmj{t) 

dT- = + ^ Rjiwut)^^, (7) 

with initial condition f{z,T) = z for all z £ £'\{0}. 

Note that, while the first and also the second term on the right in equation (7) are multiple- valued, 
their sum is single- valued. In the simply connected case the sum on the right-hand-side of equation (7) 
disappears and the radial Komatu-Loewner equation reduces to the usual radial Loewner equation, 

din f{z,t) ^ fiz,t)+-f{t) 

dt f{z,t)-j{ty ^' 

Remark 1 An alternative class of standard domains is provided by circular slit annuli. For that case 
Komatu [2] derived an equation analogous to (7). In the case n = 2 it can be written in terms of elliptic 
functions, [1]. 
If 

p = p, = fe,.w];,ii, pm= J^^^^^^ds (9) 

is the period matrix of Dt and Xj = — Inrrij, A"^ = [Ai, . . . , A„_i], then 

A^ = 27rw^(0)P-\ (10) 

where u'^ = (wi , . . . , oJn-i) is the vector of harmonic measures. Under a Schiffer variation at the boundary 
point 7(t) 

||.=o2.c.-(0)P-=2.^^^^V\ (11) 

see [7]. Furthermore, the domain constant dn{t) defined by 

m^f-\wt,t))=ln\wt\+dn{t)+0{\wt\) (12) 
is given by d„(t) = T — t. Under a Schiffer variation we have ^\^^Qdn{t) = —1, see [7]. We find 

E^^m'-^ = 2.^^^V^RK;0. (13) 



If n > 1, then the moduli space of an n-connected domain with one interior marked point is 3n — 4 
dimensional. Denote M; {t),l < I < 3n — 4 the moduli of the domain Df + Tt with the origin as marked 
point. 

Lemma 2.2 There exist differentiable vector-fields Yi = Yi{u, Mi, . . . , M^n-i), 1 < / < 3n — 4, where u 
is complex of norm 1 and the M/. real such that if M\{t), . . . , Msn-4{t) solve 

Mi{t) = F;(7(i), Mi(t), . . . , M3„_4(t)), 1 < Z < 3n - 4, (14) 

with initial values the parameters of the domain Dq + Tq, then {/(z, i),0 < t < T} solves (7) with the 
Green function and harmonic measure at time t calculated from the parameters M]^(t). 

We can now reverse the procedure. Instead of beginning with a Jordan arc F that leads to a continuous 
curve t 7(t) on the boundary circumference we begin with the curve 7(t) . 

Theorem 2.3 For a standard domain D with parameters Mi, . . . ^M^^-i C'nd a continuous function 
t 7(t) with values in the unit circle we can solve (14) with initial values Mi , . . . , M^^-i ■ The solution 
exists on (0,T]. If T < oo, then there is a j such that limtyr mj (t) = 1. For z G D and t < T, let 
gt{z) be the solution of (7) with go{z) = z. The solution exists up to a time T^ G (0, T]. IfT^ < T, then 
limtyT^{gt{z) — 7(t)) = 0. If Kt denotes the closure of the set of points z for which T^ < t, then gt maps 
D\Kt conformally onto a standard domain Dt. 



3. Diffusion on moduli space 

To define SLE^, on D we first define a diffusion on an appropriate moduli space. This is the moduli 
space 9Jt„ of an n-connected domain with one interior point and one boundary point marked. It has 
dimension 3n — 3. 

Let K > and denote a standard one dimensional Brownian motion. Define Z(e*^; t) by 



(15) 



^'^0\ du ei^-e^f)- 
Consider the system 

de{t) = ^ {^{^{t);t)) dt rflnmj(i)j + s/UdBt (16) 

dM,(t) = rz(7(t), Ml (<),..., M3„_4(i)), Z = l,...,3n-4, (17) 

where 6'(0) = 0, 7(t) = e*^(*), and M(0) = Mi. We note again that the combination of terms in brackets 
in equation (16) is single- valued. The solution exists up to a stopping time t. On the set t < oo we have 
for some j, \imtyTmj{t) = 1. We call a solution to this system a Schiffer diffusion (on moduli space) 
and the random family of growing compacts Kt associated to a Schiffer diffusion via (7) radial n — SLE^. 
Alternatively, we may call the family of random conformal maps gt n — SLE^. The following results show 
that the Schiffer diffusion has key properties we expect from our knowledge of SLE in simply connected 
domains. 

Theorem 3.1 If k < A, then Kt is a.s. a simple curve for t < t. If k> A then Kt is a.s. not simple. 

This follows by considering the motion of points on the boundary. 
Remark 2 We do not know if Kt can hit a circular slit in finite time with positive probability. 
Theorem 3.2 If k = 6, then n — SLE,- satisfies locality. 

The proof is similar to the simply connected case. Our definition of the Schiffer diffusion was made 
with the previous two theorems in mind. We have not been able to confirm the restriction property for 
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K = 8/3. Instead we only obtained a family of martingales related to the restriction property. We will 
investigate in a forthcoming paper if the SchifFer diffusion is the essentially only class of diffusions for 
which these properties hold, and also if locality holds for k — 8/3. 

In a multiply connected domain there are two flavors of chordal SLE: Growing slits from a point on one 
boundary component to another point on the same boundary component, or growing slits from a point 
on one boundary component to a point on another boundary component. For the former we can repeat 
the above construction using as standard domain the upper half-plane with a finite number of horizontal 
slits, the compacts Kt growing toward oo. For the latter the construction can be based on Komatu's 
equation [2]. 
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